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The QED trace anomaly is calculated at one-loop level based on the loop regularization
method which is realized in 4-dimensional spacetime and preserves gauge symmetry and
Poincare symmetry in spite of the introduction of two mass scales, namely the ultraviolet
(UV) cut-off Mc and infrared (IR) cut-off µs. It is shown that the dilation Ward identity
which relates the three-point diagrams with the vacuum polarization diagrams gets the
standard form of trace anomaly through quantum corrections in taking the consistent limit
Mc →∞ and µs = 0 which recovers the original integrals. This explicitly demonstrates that
the loop regularization method is indeed a self-consistent regularization scheme which is
applicable to the calculations not only for the chiral anomaly but also for the trace anomaly,
at least at one-loop level. It is also seen that the consistency conditions which relates
the tensor-type and scalar-type irreducible loop integrals (ILIs) are crucial for obtaining a
consistent result. As a comparison, we also present the one-loop calculations by using the
usual Pauli-Villars regularization and the dimensional regularization.
PACS numbers: 11.10.Gh, 11.30.Qc, 12.20.Ds.
I. INTRODUCTION
Symmetry and symmetry breaking play important roles in elementary particle physics. Accord-
ing to the Noether’s theorem, if a system is invariant under a continue global transformation, there
is a conserved current corresponding to this transformation. Although the Noether’s theorem is an
exact one, it comes into exist at the classical level. Sometimes the consequences of the Noether’s
theorem are violated by quantum corrections and are related with anomaly. A well known ex-
ample of anomaly is the chiral anomaly which is due to Adler, Bell and Jackiw [1, 2]. In the
evaluation of the anomaly, an unavoidable procedure is to regularize the loop integrals, therefore
a gauge symmetry-preserving regularization is crucial for the calculation of quantum correction
induced anomaly. Meanwhile, a calculation of quantum correction induced anomaly provides a
useful laboratory for the check of the consistence of a new regularization prescription.
Recently, a new regularization scheme named loop regularization was proposed[3, 4]. It has
been explicitly proved at one-loop level that the loop regularization can preserve the non-ableian
gauge symmetry [5] as well as supersymmetry [6]. Adopting such a symmetry-preserving loop
regularization, we have studied the chiral anomaly systematically [7]. It was found that the two
scales in the loop regularization, UV scaleMc and IR scale µs, play important roles in understanding
the chiral anomaly. Under the condition Mc →∞ which is applicable for the renormalizability of
QED and a symmetrical treatment of all the three currents, the chiral anomaly in the massless
QED can consistently be obtained in case of µs = 0, while the massless QED could be free from
anomaly if keeping µs 6= 0. For the massive QED, the chiral anomaly can be obtained with µs = 0,
while if taking µs ≫ m, the chiral anomaly would also be absent. In Ref. [8], based on the loop
regularization method, the radiatively induced Lorentz and CPT violating Chern-Simons term
in QED was calculated and a consistent result is obtained when simultaneously combining the
evaluation for the chiral anomaly with ensuring the vector current conserved. In Refs. [9, 10], the
loop regularization method has been applied to study the gauge theory coupled to gravitation.
In this paper, we will focus on another well-known anomaly, namely trace anomaly, which causes
the violation of the dilation Ward identity due to the scaling invariance. The trace anomaly problem
was firstly studied in Ref. [11] in the framework of scalar field theory, and it was subsequently
analyzed in various aspects [12–14]. In this paper, we shall calculate the trace anomaly in the
framework of QED by using the symmetry-preserving loop regularization [3, 4]. Since the standard
form of the trace anomaly in QED is known, for example Ref. [13], our study can be regarded as
a further independent check of the consistency of the loop regularization prescription. This comes
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to our main purpose in the present paper. We shall show that with the symmetry-preserving loop
regularization one can obtain the standard form of the trace anomaly when taking Mc → ∞ and
µs = 0, which is required for recovering the original Feynman loop integrals and also applicable to
QED as it is a renormalizable and IR divergence free theory. It is also seen that the consistency
conditions relating the tensor type and the scalar type irreducible loop integrals, which have been
verified in the loop regularization method, are crucial for the anomaly evaluation. From our explicit
calculations, we arrive at the conclusion again that the loop regularization is indeed a consistent
symmetry-preserving regularization.
The paper is organized as follows: In Sec. II, we discuss the dilation ward identity. Sec. III
presents our detailed calculations for the trace anomaly based on the loop regularization method.
In Sec. IV, we give, for a comparison, the calculations by using the Pauli-Villars and dimensional
regulations. The last section is our conclusions.
II. THE DILATION WARD IDENTITY
The dilation transformation is a rescaling of the space-time coordinate
xµ → x′µ = λxµ, (1)
with λ is a real constant. Under the dilation transformation, a field Φ(x) transforms as
δDΦ(x) = i[D,Φ(x)] = (x · ∂ + d)Φ(x), (2)
where d is the scale dimension of the field Φ(x) and classically, it is the mass dimension of the field
Φ(x), i.e., one for scalar field, three half for fermion field and others for composite operators. D is
the generator of the dilation transformation.
It was proved that [18] the current Dµ generated by the dilation transformation is related to
the improved symmetric energy-momentum tensor θµν by
Dµ(x) = x
νθµν , (3)
then the trace of θµν is the divergence of the dilation current
θµµ(x) = ∂µD
µ(x). (4)
By using the canonical commutative relations, one can show that the dilation charge D(x0) =∫
d3xD0(xi, x0) can be taken as the generator of dilation transformation, that is,
[D(x0),Φ(~x, x0)] = −i(x · ∂ + d)Φ(x). (5)
3
kk + p
p p
≡ −iΠµν(p)
×
k + p
k + p
p
p
k ≡ ∆µν(p)
FIG. 1: One loop diagrammatical representation of Πµν and ∆µν .
With respect to this commutation relation, we can derive a simple dilation Ward identity (see
Appendix A)
(2− p ·
∂
∂p
)Πµν(p,−p) = ∆µν(p,−p), (6)
where
Πµν(p,−p) = i
∫
d4xeip·x〈T ∗(Jµ(x)Jν(0))〉, (7)
∆µν(p,−p) =
∫
d4xd4yeip·y〈T ∗(θλλ(x)Jµ(y)Jν(0))〉, (8)
which can be diagrammatically illustrated in Fig. 1.
III. TRACE ANOMALY CALCULATION WITH LOOP REGULARIZATION
The Ward identity (6) is a classical one and it is violated by quantum corrections [13]. In this
section, we will investigate this violation using symmetry-preserving loop regularization [3, 4]. Our
discussion is specified in the framework of QED with lagrangian
L = ψ¯γµ(i∂µ − eAµ)ψ −mψ¯ψ −
1
4
FµνFµν . (9)
From this lagrangian, the symmetric energy-momentum tensor can be easily got as [14]
θµν =
i
4
[
ψ¯γµ(
−→
∂ ν + ieAν)ψ + ψ¯γν(
−→
∂ µ + ieAµ)ψ − ψ¯γµ(
←−
∂ ν − ieAν)ψ − ψ¯γν(
←−
∂ µ − ieAµ)ψ
]
+
1
4
gµνF
λσFλσ − F
λ
µFλν . (10)
Then, by using the equation of motion, we get
θµµ = gµνθ
µν = mψ¯ψ. (11)
For studying the quantum corrections to the dilation Ward identity (6), one should consider the
diagrams depicted in Fig. 1. For the vacuum polarization diagram, after some algebra, one has
− iΠµν = (−)
∫
d4k
(2π)4
Tr[eγµ
i
k/−m
eγν
i
(k/+ p/)−m
]
4
= 4e2
∫
1
0
dx
[
2I2µν(m)− I2(m)gµν + 2x(1− x)(p
2gµν − pµpν)I0(m)
]
, (12)
where
I2µν(m) =
∫
d4k
(2π)4
kµkν
(k2 −M2)2
,
I2(m) =
∫
d4k
(2π)4
1
k2 −M2
,
I0(m) =
∫
d4k
(2π)4
1
(k2 −M2)2
, (13)
with M2 = m2 − x(1 − x)p2. The number subscript of I stands for the degree of divergence of
the integral and specifically, ”2” means the corresponding integrals are quadratically divergent,
and ”0” means the corresponding integrals are logarithmically divergent. After applying the loop
regularization[3], we yield the consistency condition
2IR2µν(m) = gµνI
R
2 (m), (14)
and the regularized vacuum polarization two-point function
− iΠRµν = 8e
2(p2gµν − pµpν)
∫
1
0
dxx(1− x)IR0 (m). (15)
The explicit forms of IR
2
(m) and IR
0
(m) were given as [3]
IR2 = −
i
16π2
{
M2c − µ
2
[
ln
M2c
µ2
− γω + 1 + y2(
µ2
M2c
)
]}
, (16)
IR0 =
i
16π2
[
ln
M2c
µ2
− γω + y0(
µ2
M2c
)
]
, (17)
with µ2 = µ2s +M
2, γw = γE = 0.5772 · · · , and
y0(x) =
∫ x
0
dσ
1− e−σ
σ
,
y1(x) =
e−x − 1 + x
x
,
y2(x) = y0(x)− y1(x), (18)
where µs and Mc are introduced in the loop regularization [3, 4] and, roughly speaking, they play
the roles of UV and IR cutoff, respectively. Because the QED is a renormalizable and IR divergent
free theory, we can safely set Mc to be infinity and µs to be zero, i.e., Mc →∞ and µs = 0.
With the above analysis, after a simply algebra, the left hand side (l.h.s.) of (6) can be simply
written as
(2− p ·
∂
∂p
)ΠRµν(p,−p) = 32ie
2(p2gµν − pµpν)p
2
∫
1
0
dxx2(1− x)2IR
−2(m). (19)
5
To get the above relation, we have used the following expressions
IR
−2 = −
i
16π2
1
2µ2
[1− y−2(
µ2
M2c
)],
y−2(x) = 1− e
−x,
and relation
∂
∂pµ
IR0 (m) = −4x(1− x)p
µIR
−2(m) . (20)
Now let us turn to the three-point function (8) which is illustrated in Fig. 1. Including the
crossing diagram, we get the expression
∆µν(p,−p) = (−)2
∫
d4k
(2π)4
Tr
[
eγµ
i
k/−m
eγν
i
(k/+ p/)−m
m
i
(k/+ p/)−m
]
= ie2
∫
1
0
dx
{
16xm2
[
4I0µν(m)− gµνI0(m)
]
−64x2(1− x)m2(pµpν − gµνp
2)I−2(m)
+16x(1− x)(1 − 2x)m2gµνp
2I−2(m)
}
. (21)
After applying loop regularization with the consistency condition
IR0µν(m) =
1
4
gµνI
R
0 (m), (22)
we arrive at
∆Rµν(p,−p) = −64ie
2(pµpν − gµνp
2)
∫
1
0
dxx2(1− x)m2IR
−2(m)
+16ie2m2gµνp
2
∫
1
0
dxx(1− x)(1− 2x)IR
−2(m). (23)
From this expression, at the first sight, one may think that, for the triangle graph evaluated by
loop regularization, the gauge invariance is not preserved due to the second term. In fact, this is
not the case if one realizes the following general relation for the Feynman parameter integral
∫
1
0
dx(1− 2x)f [x(1− x)] = 0, (24)
which can be proved by changing the integration variable from x to 1−x, where (1−2x) = (1−x)−x
is an odd function under such a change. We then arrive at a gauge invariant result
∆Rµν(p,−p) = −32ie
2m2(pµpν − gµνp
2)
∫
1
0
dxx(1− x)IR
−2(m), (25)
which is similar to Eq. (19).
6
Takeing the limit Mc →∞ and using the explicit form of I
R
−2
, we have
(2− p ·
∂
∂p
)ΠRµν(p,−p) = −
e2
π2
(pµpν − gµνp
2)
∫
1
0
dxx2(1− x)2
p2
µ2s +M
2
,
∆Rµν(p,−p) = −
e2
π2
(pµpν − gµνp
2)
∫
1
0
dxx(1− x)
m2
µ2s +M
2
. (26)
From these two equations, we obtain their difference
∆Rµν(p,−p)− (2− p ·
∂
∂p
)ΠRµν(p,−p) = −
e2
π2
(pµpν − gµνp
2)
∫
1
0
dxx(1− x)
m2 − x(1− x)p2
µ2s +m
2 − x(1− x)p2
.
As QED is an IR divergence free theory, we safely take µs = 0, which leads to the following simple
relation
∆Rµν(p,−p)− (2− p ·
∂
∂p
)ΠRµν(p,−p) = −
e2
6π2
(pµpν − gµνp
2)
= −(2− p ·
∂
∂p
)ΠRµν(p,−p,m = 0). (27)
Thus the dilation Ward identity at one-loop order is given by
∆Rµν(p,−p) = (2− p ·
∂
∂p
)ΠRµν(p,−p)− (2− p ·
∂
∂p
)ΠRµν(p,−p,m = 0)
= (2− p ·
∂
∂p
)ΠRµν(p,−p)−
e2
6π2
(pµpν − gµνp
2), (28)
which demonstrates that the dilation Ward identity (6) is violated by quantum corrections and the
anomaly arises from the quantum effects. One can also see that our conclusion is exactly the same
as that given in Ref. [13].
It is interesting to note that the anomalous term in Eq. (28) actually arises from the photon
polarization Πµν . This can be seen explicitly in the case of the massless QED. In the massless case,
the classical ward identity becomes
∆µν(p,−p) = (2− p ·
∂
∂p
)Πµν(p,−p,m = 0) = 0. (29)
While one-loop contribution to the vacuum polarization gives
(2− p ·
∂
∂p
)ΠRµν(p,−p,m = 0) = 32ie
2(p2gµν − pµpν)p
2
∫
1
0
dxx2(1− x)2IR
−2(0), (30)
which leads, in the limits Mc →∞ and µs = 0, to the following result
(2− p ·
∂
∂p
)ΠRµν(p,−p,m = 0) = 32ie
2(p2gµν − pµpν)p
2
∫
1
0
dxx2(1− x)2
{
−
i
16π2
1
2[−p2x(1− x)]
}
=
e2
6π2
(pµpν − p
2gµν)., (31)
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It is exactly the anomaly in the l.h.s. of (28).
In an operator form, the anomalous Ward identity (28) can be written as
θµµ = mψ¯ψ +
2αem
3π
(
1
4
FµνF
µν), (32)
with αem as the fine-structure constant of QED. This one-loop level result agrees with the all order
result given in Ref. [14]. To all orders in perturbation theory, it has been proved that the trace
anomaly can be expressed in the following form
θµµ = (1 + δ(αem))m0ψ¯ψ +
β(αem)
αem
N(
1
4
FµνF
µν), (33)
where N(1
4
FµνF
µν) is a subtracted form of the operator 1
4
Z−1
3
FµνF
µν which satisfies Eq. (2.3) in
Ref. [14] after composed operator renormalization, and Z3 is the wave-function renormalization
constant of photon. δ(αem) ≡
m
m0
∂m0
∂m − 1 is the QED anomalous mass dimension function, and
β(αem) ≡ m
∂αem
∂m is the QED β function in the on-shell scheme, with m0 and m as the bare and
physical masses of electron, respectively. Here we would like to mention that generally in the one
coupling constant theory the β function starts to depend on the renormalization scheme from the
three-loop level, and at present the QED β function in the on-shell scheme is obtained at four-loop
order in Ref. [15] . Eq. (33) means that the trace anomaly is proportional to β-function to all
orders. From the above one-loop order result of trace anomaly, we can obtain the well-known
lowest order QED β-function [17] as β(αem) =
2α2em
3pi .
IV. TRACE ANOMALY WITH OTHER REGULARIZATION SCHEMES AT
ONE-LOOP LEVEL
In Pauli-Villars regularization, the regularized lagrangian of QED is
LR =
n∑
i=0
Ci{ψ¯iγ
µ(i∂µ − eAµ)ψi −miψ¯iψ}. (34)
It is enough to choose n = 2 to make the whole theory finite, and Ci and mi can be specialized as
C0 = 1, C1 = 1, C2 = −2,
m20 = m
2, m21 = m
2 + 2Λ2, m2 = m
2 +Λ2, (35)
with Λ as a constant representing the UV cutoff which should be set to infinity in the final result.
Then the regularized ∆Rµν is
∆Rµν(p,−p) = −2
2∑
i=0
Ci
∫
d4k
(2π)4
Tr[eγµ
i
k/−mi
eγν
i
(k/+ p/)−mi
mi
i
(k/+ p/)−mi
]. (36)
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After Feynman parametrization, a direct one-loop calculation gives
∆Rµν(p,−p) =
e2
4π2
gµν
2∑
i=0
Cim
2
i −
e2
4π2
(pµpν − gµνp
2)
2∑
i=0
Cim
2
i
∫
1
0
dx
x(1− x)
m2i − x(1− x)p
2
. (37)
By using the conditions (35), the first term vanishes. It should be mentioned that in Ref. [13] the
mass terms is discarded directly without considering these condition because the coefficient Ci is
omitted there. Then after the Feynman parameter integral, we obtain
∆Rµν(p,−p) = −
e2
π2
(pµpν − gµνp
2)
2∑
i=0
Ci
m2i
p2
(m2iAi − 1), (38)
where Ai is given by
Ai(p
2) =
2
(p4 − 4m2i p
2)1/2
ln
p2 − (p4 − 4m2i p
2)1/2
p2 + (p4 − 4m2i p
2)1/2
. (39)
As required by the Pauli-Villar regularization, to get the meaningful result of the original theory we
should take limit Λ→∞ in the expression (38). So that in this limit case, all the heavy regulators
give vanishing contributions, and the result can be written as
∆Rµν(p,−p) = −
e2
π2
(pµpν − gµνp
2)
m2
p2
(m2A0 − 1). (40)
For the one-loop vacuum polarization diagram Πµν(p,−p), it has been calculated in Ref. [19].
The result can be read
ΠRµν(p,−p) =
e2
12π2
(pµpν − gµνp
2)
{
ln
Λ2
m2
− 6
∫
1
0
dxx(1− x) ln[1−
p2
m2
x(1− x)]
}
, (41)
from which we can easily obtain
(2− p ·
∂
∂p
)ΠRµν(p,−p) = −
e2
π2
(pµpν − gµνp
2)
[m2
p2
(m2A0 − 1)−
1
6
]
. (42)
Combing (38) and (42), we finally get
∆Rµν(p,−p) = (2− p ·
∂
∂p
)ΠRµν(p,−p)−
e2
6π2
(pµpν − p
2gµν). (43)
This means that the classical Ward identity (6) is violated by an anomalous term. Compared
with Eq. (28), we find that the anomalous term calculated with Pauli-Villars regularization is the
same as that obtained with loop regularization. In the massless QED case, we can get the same
conclusion as in loop regularization.
For the calculation with dimensional regularization[16], one can draw the same conclusion.
In the calculation with loop regularization, it has been seen that the two consistency conditions
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(14) and (22) are crucial to get the consistent conclusion. In dimensional regularization, these two
conditions are satisfied, therefore the conclusions of the forms (15) and (25) can directly be reached.
The difference is that, the explicit forms of IR
0
(m) and IR
−2
(m) in dimensional regularization can
be resulted from that in loop regularization by taking the limits Mc →∞ and µs = 0. We give the
one-loop results with dimensional regularization here
ΠRµν(p,−p) =
e2
12π2
(pµpν − p
2gµν)
1
ǫ
−
e2
2π2
(pµpν − p
2gµν)
∫
1
0
dx x(1− x)ln
m2 − x(1− x)p2
µ2
∆Rµν(p,−p) = −
2e2
π2
(pµpν − p
2gµν)
∫
1
0
dx x2(1− x)
m2
m2 − x(1− x)p2
. (44)
From these equations, the calculation of anomaly is straightforward. We notice here that the
anomalous term only depends on the finite parts of the above expressions, so that no matter what
subtraction scheme be used we can always obtain the following result
(2− p ·
∂
∂p
)ΠRµν(p,−p)−∆
R
µν(p,−p)
=
e2
π2
(pµpν − p
2gµν)
∫
1
0
dx
−x2(1− x)2p2 + 2x2(1− x)m2
m2 − x(1− x)p2
=
e2
6π2
(pµpν − p
2gµν). (45)
This subtraction scheme independent anomaly is the same as the one-loop results calculated with
loop regularization and with Pauli-Villars regularization, and it demonstrates the self-consistency
of applications of different methods.
V. CONCLUSIONS
In this paper, we have calculated the trace anomaly with loop regularization at one-loop level.
The explicit demonstration has shown that the trace anomaly can be consistently obtained under
the conditions Mc →∞ and µs = 0 which are necessary for recovering original theory and are also
applicable for our present calculations as QED is a renormalizable and IR divergence free theory.
It has also been seen that the consistency conditions which are the direct deductions of non-abelian
gauge symmetry are crucial for the anomaly evaluation. As the loop regularization preserves these
conditions [3, 4], it is then applicable for the studies on both symmetries and anomalies of gauge
theories.
We would like to mention that in low orders the anomalous dilation Ward identity (28) can be
rewritten in the form of the classical one with the dimension d substituted by d′ which is a sum of the
classical dimension and the anomalous dimension [12]. In the language of renormalization, this can
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be understood as follows: As the vacuum polarization can be incorporated into the normalization
constant of photon wave function Z3, the renormalized photon wave function has the same form as
the bare one except a scale dependent normalization constant Z3. Any regularization scheme will
introduce at least one dimensional parameter into the bare theory, such asMc in loop regularization,
Λ in Pauli-Villar regularization and µ in dimensional regularization. It is exactly this dimensional
parameter which breaks the tree-level dilation Ward identity. On the other side, it is well-known
that an exact scale invariant theory should be massless, so that the scale violation of a massless
theory may be understood as the emergence of mass. In this sense, the radiative corrections can
be considered as a possible way to generate mass [20].
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Appendix A: Derivation of Classical Ward Identity Eq. (6).
In this appendix, we shall derive the classical Ward identity eq.(6). Let us begin with eq.(8) by
considering the property of time order product, have
∆µν(p,−p) =
∫
d4xd4yeip·y〈T ∗(θλλ(x)Jµ(y)Jν(0))〉
=
∫
d4xd4yeip·yθ(x0)θ(x0 − y0)θ(y0)〈θ
λ
λ(x)Jµ(y)Jν(0)〉
+
∫
d4xd4yeip·yθ(x0)θ(y0 − x0)〈Jµ(y)θ
λ
λ(x)Jν(0)〉
+
∫
d4xd4yeip·yθ(−x0)θ(y0)〈Jµ(y)Jν(0)θ
λ
λ(x)〉
+
∫
d4xd4yeip·yθ(−x0)θ(y0 − x0)θ(−y0)〈Jν(0)Jµ(y)θ
λ
λ(x)〉
+
∫
d4xd4yeip·yθ(−x0)θ(x0 − y0)〈Jν(0)θ
λ
λ(x)Jµ(y)〉
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+∫
d4xd4yeip·yθ(x0)θ(−y0)〈θ
λ
λ(x)Jν(0)Jµ(y)〉. (A1)
with respect to the relation eq.(4) and the vanishing of the surface term, we then yield
∆µν(p,−p) =
∫
d4xd4yeip·yθ(x0)θ(x0 − y0)θ(y0)〈∂αDα(x)Jµ(y)Jν(0)〉
+
∫
d4xd4yeip·yθ(x0)θ(y0 − x0)〈Jµ(y)∂αDα(x)Jν(0)〉
+
∫
d4xd4yeip·yθ(−x0)θ(y0)〈Jµ(y)Jν(0)∂αDα(x)〉
+
∫
d4xd4yeip·yθ(−x0)θ(y0 − x0)θ(−y0)〈Jν(0)Jµ(y)∂αDα(x)〉
+
∫
d4xd4yeip·yθ(−x0)θ(x0 − y0)〈Jν(0)∂αDα(x)Jµ(y)〉
+
∫
d4xd4yeip·yθ(x0)θ(−y0)〈∂αDα(x)Jν(0)Jµ(y)〉
= −
∫
d4yeip·yθ(y0)〈[D(y0), Jµ(y)]Jν(0)〉
−
∫
d4yeip·yθ(y0)〈Jµ(y)[D(0), Jν(0)]〉
−
∫
d4yeip·yθ(−y0)〈Jν(0)[D(y0), Jµ(y)]〉
−
∫
d4yeip·yθ(−y0)〈[D(0), Jν (0)]Jµ(y)〉. (A2)
which is simplified, by considering the commutation relation eq.(5), to be
∆µν(p,−p) = i2d
∫
d4yeip·yθ(y0)〈T
∗(Jµ(y)Jν(0))〉
+i
∫
d4yeip·yθ(y0)〈(y · ∂)Jµ(y)Jν(0)〉 + i
∫
d4yeip·yθ(−y0)〈Jν(0)(y · ∂)Jµ(y)〉(A3)
Noticing the following identities that
i
∫
d4yeip·yθ(y0)〈(y · ∂)Jµ(y)Jν(0)〉 = −ip ·
∂
∂p
∫
d4yeip·yθ(y0)〈Jµ(y)Jν(0)〉
−4i
∫
d4yeip·yθ(y0)〈Jµ(y)Jν(0)〉, (A4)
and
i
∫
d4yeip·yθ(−y0)(y · ∂)〈Jν(0)Jµ(y)〉 = −ip ·
∂
∂p
∫
d4yeip·yθ(−y0)〈Jν(0)Jµ(y)〉
−4i
∫
d4yeip·yθ(−y0)〈Jν(0)Jµ(y)〉, (A5)
we then obtain the tree-level dilation Ward identity
∆µν(p,−p) = {2d − 4− p ·
∂
∂p
}i
∫
d4yeip·y〈T ∗(Jµ(y)Jν(0))〉
12
= {2 − p ·
∂
∂p
}Πµν(p,−p), (A6)
where Πµν(p,−p) is defined in eq.(7) and we have used the classical dimension of Jµ to be d = 3.
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